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We present a general sufficiency condition for the presence of entanglement in thermal states stem-
ming from the ground state entanglement. The condition gives transition temperatures below which
entanglement is guaranteed to survive. It is flexible and can be easily adapted to consider entangle-
ment for different splittings, as well as be weakened to allow easier calculations by approximations.
Examples where the condition can be calculated are given.
In recent years there has been much effort to inves-
tigate the role of entanglement in general physics prob-
lems. Entanglement is known to be a key resource for
quantum information, essential for faithful teleportation
and allowing an absolute secure key distribution among
other things [1], and the study of entanglement has been
mainly from this perspective. However, entanglement is
also a key foundational issue in quantum mechanics, and
has recently been associated to many phenomena in many
areas in physics, for example Hawking radiation in cos-
mology [2], symmetry breaking in high energy physics
[3] and in particular, to many areas of condensed mat-
ter physics such as critical phenomena [4]. Entanglement
theory has also been helpful in finding the ground state
for difficult many-body systems [6].
All of these results and connections are very intrigu-
ing, and lead us to ask when and where else entanglement
exists, and what is its role in the associated phenomena.
Still these investigations are at an early stage. There are
several difficulties in investigating entanglement, in par-
ticular in many-body physics. First in nature systems
are in thermal states, and calculating the density ma-
trix involves diagonalisation of large hamiltonians, which
generally proves impossible. Second, given this state, it
is difficult to test if it is entangled or not.
One approach that helps simplify the problem for sys-
tems where the ground state is highly entangled is the
idea that, at low enough temperature the properties are
governed by the ground state, and the system is entan-
gled. This is often the case for interacting many-body
systems. For example in [7, 8], conditions for entangle-
ment are found on the average energy, and associated
thermodynamic quantities, by taking the minimum ex-
pectation of the energy allowed for separable states - ob-
serving energy below this value witnesses entanglement.
In this letter we present an explicit connection between
the ground state entanglement and the entanglement of
the thermal state. We give a condition for the exis-
tence of entanglement based on minimum knowledge of
the ground state and statistical properties of the state
(the partition function). This is a kind of course grain













plotted against temperature T for a typical thermal state.
The point where the curve crosses the value 1
1+R(|e0〉)
defines
the transition temperature Ttrans, below which entanglement
is guaranteed.
sions using approximations to these quantities follow eas-
ily. The methods can further be adapted to consider dif-
ferent types of entanglement, and also give ever more
precise entanglement conditions, up to the exact case.
We consider a general system in the thermal state ρT =
e−H/kBT /Z, where Z is the partition function and kB
is the Boltzman constant. We diagonalise into energy
eigenstates |ei〉, with eigenenergiesEi, and rewrite as two










For any temperature T the system is in a mixed state
except for T = 0 when ρT becomes identical to the pure
ground state (the lowest energy eigenstate |e0〉). If the
ground state is entangled, obviously the system will be
entangled at T = 0.
The immediate question now is, if T grows, and a por-
tion of excited states gets mixed in, is the thermal state
for such finite T still entangled? To answer this question
we make use of entanglement measure, the global robust-
ness of entanglement [9], and find a sufficient criterion
for the presence of entanglement at finite T , captured in
the Theorem below and illustrated in Fig.1.
Theorem. For a thermal state (1) whose ground state
|e0〉 has global robustness of entanglement R(|e0)〉, we





1 +R(|e0〉) . (2)
Furthermore, we define a transition temperature Ttrans
below which entanglement must occur by setting equality
above and solving for T .
Proof: The proof of (2) stems directly from the def-
inition of the global robustness of entanglement R(σ),
defined for a state σ as [9]
R(σ) := minω t,
such that ∃ a state τ, satisfying
ω(τ, t) := 11+t (σ + tτ) ∈ S, (3)
where S is the set of separable states. We can understand
R(σ) as the minimum amount of (arbitrary) noise, given
by the state τ , that we need to add to σ to make it
separable. Thus if σ is separable R(σ) = 0, and if R(σ) >
0 then σ is entangled.
Let us now consider the robustness of entanglement of
the ground state R(|e0〉). We look at the thermal state
(1) as a candidate for ω, identifying the ground state
with σ, so the prefactor becomes 11+t =
e−E0/kBT
Z . From
the definition of the robustness, if t < R(|e0〉) we have
entanglement, thus it is clear that, no matter the form∑
i=1
e−Ei/kBT





The condition (2) combines the statistical properties
of the thermal state with the entanglement content of
the ground state. To tell whether a thermal state is en-
tangled we need to know (or approximate) only three
ingredients. For the LHS we need the partition function
and the ground state energy which we can obtain from
statistical physics. For the RHS we need to know the
structure of the ground state to calculate the robustness
of entanglement.
Remarkably, we do not need to know all energy-
eigenstates nor the entanglement properties of higher ex-
cited energy states. Of course, knowing these we may
obtain even better bounds. Indeed the condition may
not be tight - entanglement could exist even if (2) is not
met. In fact the condition is tight, only when the thermal
mixture kills the entanglement of the ground state in the
most efficient way.
We can now make several observations about the
condition for entanglement (2). First, it can be sim-
ply adapted to also consider the situations where the
main entanglement contribution does not come from the
ground state, but some excited state |ei〉, or even con-
tributions from several states. This is done by replacing
R(|e0〉) with the robustness of the state in question in the
RHS of (2), and the states’ population on the LHS. In
this way we can consider degenerate ground states, (by
replacing the state |e0〉 in (2) by the maximally mixed
state across the degenerate space). We could also, for
example, take the first few excited states as the main
contributor, right up to considering the whole state i.e.
the exact solution. Of course the price is that these would
make the entanglement more difficult to calculate.
Second, by considering the entanglement of the ground
state with respect to different splittings, the condition
can witness different types of entanglement. For exam-
ple, we can consider the global robustness of entangle-
ment with respect to some bipartite cut, rather than the
full multipartite cut. If we denote this as RBi(ρ), we have
immediately that R(ρ) ≥ RBi(ρ), since the set of bipar-
tite separable states is a subset of the totally separable
states. If we call the corresponding transition temper-
ature TBitrans we have T
Bi
trans ≤ Ttrans. This is true be-
cause the LHS of (2) is a monotonic decreasing function
of temperature, hence the higher the ground state entan-
glement, the higher the transition temperature. Thus we
see a similar situation as in [8], where the transition tem-
perature increases with the number of partitions. Further
RBi(ρ) is known for pure states [9] so we can always cal-
culate a bound to the RHS of (2) by considering only
bipartite cuts for a given ground state.
Third, if we replace the partition function, and the ro-
bustness of entanglement by lower bounds to those quan-
tities, we still have a sufficient condition for entangle-
ment. Thus, we may use approximation methods for all
calculations, providing they bound in the correct direc-
tion.
One interesting example of lower bounds to the global
robustness of entanglement is given in [10]
1 +R(|ψ〉) ≥ 2ER(|ψ〉) ≥ 2EG(|ψ〉), (4)
where ER(|ψ〉) is the relative entropy of entanglement
[11] and EG(|ψ〉) is the geometric measure of entangle-
ment [12]. These distance-like entanglement measures of-
fer another interpretation of the entanglement condition
(2). We can understand ER(|ψ〉) and EG(|ψ〉) as the
minimum “distance” D(|ψ〉||ω) to the closest separable
state ω with respect to relative entropy and the geometric
overlap respectively. Thus, if D(|e0〉||ρT ) < D(|e0〉||ω)
then ρT is entangled. This is illustrated in Fig. 2.
For the thermal state, both the relative entropy and the





reproducing condition (2) when R(|e0〉) is replaced with
the bounds in (4). The statistical interpretation of the
relative entropy [13] on the RHS of (5) offers another, sta-
tistical, interpretation of (2): entanglement is present if
the probability of the system being in the ground state is
greater than the (asymptotic) probability that |e0〉 would







FIG. 2: The figure shows the set of all states and the sub-set
of separable states (shaded area). The distance between the
ground state |e0〉 and the closest separable state ω gives the
entanglement E(|e0〉), illustrated by the dotted line. The solid
line is the line of thermal states ρT for increasing temperature
from T = 0 (ρ0 = |e0〉〈e0|) to ρ∞ =
1
d
1 for T → ∞. If the
distance of ρT to |e0〉 is smaller than distance of ω to |e0〉 then
ρT must be entangled.
We now consider two illustrative examples for which
we derive transition temperatures for entanglement. Our
first example is a spin dimer, that is, two spin-1/2 par-
ticles interacting via the Heisenberg Hamiltonian with
coupling J , exposed to an external magnetic field B,















where σiX/Y/Z are the Pauli matrices for the ith spin.
This example allows us to compare our condition (2) to
the exact case calculated in [14].
Diagonalising the Hamiltonian leads to the four eigen-
values J + B, J, J − B,−3J from which we can im-
mediately calculate the LHS of (2). We have Z =
e−(J+B)/kBT + e−J/kBT + e−(J−B)/kBT + e3J/kBT and
for B < 4J the ground state is the singlet with eigen-
value −3J . The robustness of the singlet is known to be
R(|e0〉) = 1 [9]. So, for B < 4J we have the sufficient
condition for entanglement
e−4J/kBT (eB/kBT + e−B/kBT + 1) < 1. (7)
In particular, when B = 0, the excited states are all de-
generate with eigenvalue J , and the entanglement con-
dition can be rewritten to give a transition temperature





This remarkably coincides with the exact entanglement
result in [14]. For non-zero B the excited states lose their
degeneracy and bound (7) gives a lower transition tem-
perature than the exact result. This happens, because
our approximation that the thermal mixture kills off the
entanglement optimally, becomes incorrect.
When B > 4J , the singlet ceases to be the ground
state, and is instead superseded by the separable state
|00〉 with energy J − B. The system thus undergoes a
quantum phase transition (see e.g. [15]). Expression (7)
still gives a valid sufficient condition for entanglement,
but as if we consider the main contribution to come from
the first excited state (in this case the singlet), rather
than the ground state (which is no longer entangled).
However it is no longer satisfied for any temperature,
and so does not see the presence of entanglement, even
though we know it exists from [14].
From this example it seems that degeneracy may be
important for our criteria to be tight. Indeed, for many
of the cases where we know the robustness of entangle-
ment, the “noise” states that we mix in (the τ in (3)) are
degenerate [9, 10, 16]. This may indicate that our con-
dition for entanglement (2) will be tighter the closer to
degenerate the system is. However, this is far from clear,
and even if the condition is not tight, it is still a mean-
ingful way to get interesting bounds on entanglement in
thermal states, as we see in the next example.
The second example is very general for a class of many-
body Hamiltonians. We only specify the energy spectrum
(giving the LHS of (2)) and the ground state, common in
many-body physics problems (whose robustness gives us
the RHS of (2)). This toy model illustrates the flexibility
we have in considering these quantities separately.
The ground states we consider are of the form










where the sum is over all permutations of position. These
states describe n systems with k excitations symmetrised
over all permutations. We could, for example, imagine n
sites, which can either be empty or occupied by k iden-
tical (fermion) particles. These are typical ground states
in solid state physics, for example in some Hubbard and
related models. They also arise as Dicke states when n
atoms interact with a single electromagnetic mode [5].
It can be shown [16] that the symmetry of these states
means that the global robustness of entanglement is re-
lated to the relative entropy of entanglement (ER) as
1 +R(|S(n, k)〉) = 2ER(|S(n,k)〉). (10)
The relative entropy of entanglement for the states
|S(n, k)〉 is known [5, 17] and gives








For simplicity we now only consider the case where k =
n/2. This choice of k maximises the entanglement and
for large n we have
1 + R(|S(n, n/2)〉) = √n. (12)







4where D is the number of energy levels (the dimension of
the space) and with spacing parameter 0 ≤ α ≤ 1. This
gives a range of energy spectra from the case where all
excited states are degenerate (α = 0) to the case where
they are equally spaced (α = 1).











For α = 0, the degenerate case, we can easily evaluate









) ≡ T0. (15)
In the case where the system is made of many 2 dimen-
sional systems, like many spin 1/2 particles, we have
D = 2k = 2n/2. If we replace this in the equation, we see
that as n → ∞ the transition temperature T0 tends to
zero, so we do not see any entanglement. In the more gen-
eral case, for larger systems, we would expect D > 2n/2,
and entanglement would also disappear.













) ≡ T1. (16)
When we take a low temperature approximation of Z1







Thus, in the limit of large n, for fixed ∆, we have entan-
glement for arbitrarily high temperatures. So, in contrast
to the spin dimer, here the non-degenerate case gives a
non-trivial transition temperature.
We now consider the intermediate case for complete-
ness. For α 6= 0 and in the limit D →∞ we can approx-
imate the sum in (14) by an integral which has the same

























)]α ≡ Tα. (19)
For α = 1 this reduces to the low temperature approxi-
mation (17). Similarly, for all α > 0 the transition tem-
perature increases with n. Note however, when consid-
ering the scaling behaviour with n in a real system, one
may find that the energy gap ∆ depends on n and α.
In conclusion, in this letter we have presented a condi-
tion for entanglement in thermal states, based on the en-
tanglement of the ground state. The condition separates
the statistical physics part from the entanglement part,
so that results may be used from either field together to
give transition temperatures below which entanglement
is guaranteed. The flexibility of the condition allows for
approximations, allowing easier calculation, and for dif-
ferent kinds of entanglement to be studied. Further, as a
tool for investigating entanglement in statistical physics
systems, it allows connections to other thermodynamic
quantities, through Z and the equations of state, as in
[8], and should allow the investigation of entanglement
in many systems.
This work was sponsored by the Asahi Glass Foun-
dation and the JSPS. J.A. acknowledges support of the
Gottlieb Daimler und Karl Benz-Stiftung. V.V. thanks
the Engineering and Physical Sciences Research Council
in UK and the European Union for financial support.
[1] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information, Cambridge University Press,
2000.
[2] C. Callan and F. Wilczek, Phys. Rev. B 333, 55 (1994);
M. B. Plenio, J. Eisert, J. Dreißig and M. Cramer, Phys.
Rev. Lett. 94, 060503 (2005).
[3] R. A. Bertlmann, W. Grimus and B. C. Hiesmayr, Phys.
Lett. A 289, 21 (2001).
[4] T. J. Osborne and M. Nielsen, Phys. Rev. A 66, 094423
(2006); A. Osterloh, L. Amico, G. Falci and R. Fazio,
Nature 416, 608 (2002); G. vidal, J. I. Latorre, E. Rico
and A. Kitaev, Phys. Rev. Lett. 90, 227902 (2003).
[5] V. Vedral, New J. Phys. 6, 102 (2004).
[6] G. Vidal, Phys. Rev. Lett. 93, 040502 (2004); F. Ver-
straete and J. I Cirac, Phys. Rev. B 73, 094423 (2006).
teiner, Phys. Rev. A 67, 054305 (2003).
[7] Cˇ. Brukner and V. Vedral, quant-ph/0406040 (2004); G.
Toth, Phys. Rev. A 71, 010301 (2005).
[8] J. Anders, D. Kaszlikowski, C. Lunkes, T. Oshima and
V. Vedral, quant-ph/0512181 (2005).
[9] G. Vidal and R. Tarrach, Phys. Rev. A 59, 141 (1999); A.
W. Harrow and M. A. Nielsen, Phys. Rev. A 68, 012308
(2003).
[10] M. Hayashi, D. Markham, M. Murao, M. Owari and S.
Virmani, Phys. Rev. Lett. 96, 040501 (2006).
[11] V. Vedral and M. B. Plenio, Phys. Rev. A 57, 1619
(1998).
[12] A. Shimony, Ann. NY. Acad. Sci 755, 675 (1995). ; H.
Barnum and N. Linden, J. Phys. A: Math. Gen. 34, 6787
(2001); T-C. Wei and P. M. Goldbart, Phys. Rev. A 68,
042307 (2003).
[13] V. Vedral, M. B. Plenio, K. Jakobs and P. L. Knight,
Phys. Rev. A 56, 4452 (1997).
[14] M. C. Arnesen, S. Bose and V. Vedral, Phys. Rev. Lett.
87, 017901 (2001).
[15] S. Sachdev, Quantum Phase Transitions, Cambridge Uni-
versity Press (1999).
[16] M. Hayashi, D. Markham, A. Miyake, M. Murao, M.
5Owari and S. Virmani, (2006), in preperation.
[17] T-C. Wei, M. Ericsson, P. M. Goldbart and W. J. Munro,
Quant. Inform. Compu. 4, 252 (2004).
